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Convergence of r.v.s

Let (2, F,P) be a probability space. X and {X,} are R valued (sequence
of) r.v.s.

Definition (Convergence almost surely)

Denote by X, — X a.s. (almost surely) if

Pl{we Q: lim X,(w) = X(w)}] = 1

Definition (Convergence in Probability)
Denote by X,, — X in probability if for any p > 0

Jim Pl{w € 2 Xp(w) = X()] = p}] =0
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Convergence of r.v.s

Proposition

X, — X a.s. implies X, — X in probability.

Proposition

X, — X in probability implies there exists a subsequence of X,, converging

to X a.s.. )(nk 22X o
> 0

Definition (Convergence in Law (in Distribution))
Let F, and F be the c.d.f. of X, and X for all n € N. X, — X in Law (in
Distribution) if

nIl_)rr;o Fa(x) = F(x)

for any x € R where F is continuous at x.

Proposition

X, — X in probability implies X, — X in Law.
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Convergence of r.v.s.
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Definition
Given p > 0, denote by X, — X in LP if

lim E[|X, — X|P] =0
n—oo

a). Show that X, — X i implies X, — X in L*.
(a). Show that X, - X in L? implies X, - X in L1
(b). Show that X, — X in LP implies X, — X in probability.
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Brownlan Motions

Questlon

Let f : R — R be such that for some constant C > 0, f(x) < el for all
x € R. Define

u(t, x) = E[f(BT)|B: = x] = E[f(BT — B: + x)].

Show that
(a) N

Au(t, x) = E[%f(BT — B; + x)]
(b)
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Greeks of Option
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Consider the European call option price at time t:

Ce(t,S:) = i@(dl) — e "(T=OKN(dby)

where di = (St/KH(\Zr_iﬁ)(T t) and drb=d — o T —t. Compute
o =N

(a) Delta: A = 0sCg(t, St).

(b) Gamma: T = 0?Cg(t,St).
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